The system of Gegenbauer polynomials {C
2 ω λ (x), where f (x) is an arbitrary function which does not depend on n or λ, are considered in this paper. Firstly, a general recursion formula for these functionals is obtained. Then, the explicit expression for some specific functionals of this type is found in a closed and compact form; namelly, for the functionals whith f (x) equal to (1−x) α (1+x) β , log(1 − x 2 ) and (1 + x) log(1 + x), which appear in numerous physicomathematical problems. Finally, usefulness of these functionals is
Introduction
The Gegenbauer polynomials {C λ n (x); n = 0, 1, . . .} form a system of polynomials orthogonal with respect to the weight function ω λ (x) = (1 − x 2 ) λ− 1 2 in the interval [−1, +1]. They have received a great deal of attention from both fundamental and applied reasons. This is because they naturally appear in the description of numerous mathematical notions (e.g., Legendre functions, spherical and hyperspherical harmonics [1, 2, 3, 4] ) and physical phenomena. To mention some, let us point out that the Gegenbauer polynomials are involved in the angular or spatial part of the wavefunction of physical systems in a central potential in both position and momentum spaces, and in the radial part of the wavefunction of hydrogenic systems in momentum space, as well as in the eigenfunctions of numerous quantummechanical prototypic and effective potentials as, for example, the relativistic harmonic oscillator [5, 6] , the Demkov-Ostrovsky potentials [7] and some model molecular potentials [8] , firstly introduced in the study of spatially confined simple quantum systems [9] and then used to interpret spectra of luminiscence centers in some solids [10] . So, the explicit evaluation of numerous physical quantities, which are described by the expectation values of the corresponding hermitian operators, necessary require the calculation of functionals of Gegenbauer polynomials. In particular, this is the case for the quantities like the Boltzmann-Shannon information entropy of single particle systems in a central potential and the radial momentum expectation values p α and log p , which are described later. These quantities require the evaluation of the following integral of squares of Gegenbauer polynomials:
and
These three integrals are particular cases of the following general class of Gegenbauer functionals
where f (x) is some function which does not depend on n and λ. This paper has a three-fold aim. First, the recursive determination of the general Gegenbauer functional F λ n (f (x)), what is done in Section 2. Second, the explicit evaluation of the three specific Gegenbauer functionals above mentioned, which is given in Section 3. Finally, these explicit expressions are used in Section 4 to determine the momentum expectation values p α , α ∈ R, and log p of D-dimensional hydrogenic systems, what illustrates the usefulness of the aforementioned functionals. The calculation of these momentum quantities is important not only by its own but also because (i) the momentum probability density γ( p) for real (D = 3) atomic systems [11] and specifically for hydrogen atom [11, 12] has been experimentally measured, and the expectation values themselves can be extracted from the isotropic Compton profiles [13] . Indeed, contrary to the radial expectation values r α for which various analytical formulas in the hydrogenic case [14, 2, 15, 16] are known, there exists only an analytical expression (to the best of out information) for the momentum expectation values p α due the Hey [17] , who express it by means of a double sum of a rational function with several gamma functions of involved arguments which depend on the two summation indices and the main quantum numbers (n, l) of the state under consideration. Here, in this paper, the quantities p α are given by means of a 5 F 4 function with unity argument.
General Gegenbauer functionals: A recursion formula
The main result of this section is the following
Theorem 1 The Gegenbauer functionals
Proof.-In [18] the following recursive formula for squares of Gegenbauer polynomials is found
Multiplying both sides by ( 
f (x) and integrating, we obtain n 2λ
which gives a linear recurrence in n and λ for F λ n (f ). Taking (5) for n and subtracting the same equation for n − 1
which, after collecting terms, gives
This is a recurrence relation of finite order connecting four 'contiguous'
Some Gegenbauer functionals: explicit expressions
In this section we obtain closed formula for some specific functionals of Gegenbauer polynomials of the form F λ n (f ); namely, when
The corresponding results are given by Theorems 2, 3 and 4, respectively. An important Lemma, necessary for the proof of Theorem 4, is also described. This lemma allows us to find the value of another Gegenbauer functional with kernel log(
have the following values
Proof.-The use of Clausen's formula
in (7), gives
The last integral can be evaluated in term of Gamma functions, giving
where the last equality follows from the duplication formula for the Gamma function. Hence,
giving the desired result (8) When α = β then the hypergeometric function simplifies to
, λ + α + 1 ; 1 .
(9) Another simplification occurs when one of the parameters is zero
Another interesting case occurs when
has the expression
Proof.-Use
then integration by parts gives
Since 2xC
n (x)+lower degree terms, this gives by orthogonality
then this becomes
This is a nice inhomogeneous recurrence relation. Setting B(k) = K(k, λ + n − k) with n fixed, gives the first order recurrence
Solving recursively gives
where ψ(x) = Γ (x)/Γ(x). The initial condition (for n = 0) can be checked fairly easy
and to finish the proof we need the duplication formula for the psi-function 2ψ(2z) = 2 log 2 + ψ(z) + ψ(z + 1/2), which applied to ψ(2n + 2λ) leads to the desired expression.
Lemma 1 Let
which holds for n ≥ 2, then integration by parts gives L(n, λ) = 2λ + 2 (2λ + n + 1)(n − 1)
For the last integral we observe that
If we expand the polynomial between square brackets into Gegenbauer polynomials C λ k (x), then
and we only need to know the coefficient A n of C λ n (x). We can find this coefficient by comparing the coefficients of x n , and taking into account that
we thus find
If we insert this in (12) then we find
In order to solve this recurrence relation, we set
Decreasing n by one and increasing λ by one successively gives
Decomposition into partial fractions gives
and thus
We only need to compute M(1, n + λ − 1). Observe that
This gives for M(1, n + λ − 1)
from which the lemma follows.
We have now the tools the prove
Theorem 4 The Gegenbauer functionals
has the following value
is an odd function, hence
where L(n, λ) is the expression given in the previous lemma. If we set
and if we use the expression for L(n, λ) given in the previous lemma, then we have
So all one still needs is K(0, n + λ). It's not too hard to compute
and using this in the previous formula then gives the desired result, provided one uses the duplication formula for the Gamma function.
where J (0), N , T N R and T BP are the peak height of the isotropic Compton profile [11, 19] , the number of electrons, the nonrelativistic electron kinetic energy [19] and the Breit-Pauli mass-velocity correction at first order to the energy [20] , respectively, and c denotes the speed of light. Also there have been found [21, 24, 22, 23] the following empirical and highly accurate relationships
where K 0 , ρ and V ee are the Dirac-Slater exchange energy, the average electron density in position space and the total electron-electron repulsion energy, respectively. Moreover, the value p 3 is roughly proportional to the initial value of the Patterson function of X-ray crystallography [21, 23] .
The momentum expectation values p α have been recently evaluated for −2 ≤ α ≤ 4 particularly by means of huge numerical Hartree-Fock calculations for all existing neutral atoms [25] and 54 singly-charged atomic cations from He + (atomic number Z = 2) to Cs + (Z = 55) and 43 anion from Z − (Z = 1) to I − (Z = 53) in their experimental ground states [26] . Moreover, some relationships of inequality character among various momentum expectation values and with other density functionals or even with some local properties of the system have been found either rigorously [15, 27, 28] , empirically [23] or semiclassiclly [29] . Also, analytical approximations for these momentum quantities have been derived [30] in neutral atoms.
However, the exact values of these quantities cannot be found because the atomic wave function is not known except for hydrogenic systems. The purpose of this section is the analytic determination of the momentum expectation values p α , α ∈ R, and log p of a D-dimensional hydrogen atom in an arbitrary quantum-mechanical state. It is known [2] that this system is described by the radially symmetric Coulomb potential
and its associated Born momentum probability density is
where η is a parameter which depends on the principal quantum number n and the dimension D by
is a hyperspherical harmonic which depends on the orbital quantum number l and the magnetic quantum numbers µ [2] , and the normalization constant K nl is given by
Taking the explicit expression (15) for γ( p) into Eq. (14) together with the use of the orthonormalization condition of the hyperspherical harmonics [2] has allowed us to find that
. Using (8) we find the closed formula
The 5 F 4 -hypergeometric function in (17) is terminating (i.e., it's a finite series) and Saalschutzian (or balanced), i.e., 1 + a 1 + a 2 + a 3 + a 4 + a 5 = b 1 + b 2 +b 3 +b 4 , and with unit argument. The lack of a general summation formula for a terminating, Saalschutzian and with unit argument 5 F 4 -hypergeometric function, does not allow us to obtain a general closed formula for p α , for general α. Let us study in detail some special cases: -For α = 0, we obtain Again, the use of Saalschutz theorem, allow us to find
Now, let us calculate the logarithmic expectation value log p , which is defined by log p = log p γ( p)d p 
For hydrogenic atom with nuclear charge Z ≥ 1, in which the Coulomb potential is −Z/r, the momentum density is Z −D γ( p/Z ); then the power and logarithmic expectation values given by Eqs. (17) and (18) 
